https://doi.org/10.31449/inf.v49i21.10402

Informatica 49 (2025) 405414 405

NeuroDiffeq: Implementing Artificial Neural Networks to Solve 2D Helmholtz

Equations

Soumaya Nouna'"*, Ilyas Tammouch?, Assia Nouna®

'Hassan First University of Settat, ENSA Berrechid, Laboratory LAMSAD, Morocco.
2Laboratory of Telecommunications Systems and Decision Engineering, Faculty of Science, Ibn Tofail University, Kenitra,

Morocco
E-mail: s.nouna@uhp.ac.ma
*Corresponding Author

Keywords: Deep learning, Helmholtz equations, neural network, artificial neural networks, partial differential equation

Received: July 24, 2025

This paper investigates the application of artificial neural networks (ANNs) for solving two-dimensional
Helmholtz equations using the NeuroDiffEq framework. Based on PyTorch, NeuroDiffEq enables mesh-free
approximations of PDE solutions by minimizing the residuals of the differential equation and its boundary
conditions through automatic differentiation. The proposed method integrates a trial analytical solution
(TAS) to enforce boundary constraints and uses a feedforward neural network trained via the Adam opti-
mizer. We evaluate the model on several benchmark Helmholtz problems and report mean squared errors
(MSE) as low as 1.08 x 10~6. Comparative experiments demonstrate that the ANN-based solver achieves
better accuracy than classical finite difference methods in certain scenarios. The results highlight the
effectiveness, convergence behavior, and flexibility of the NeuroDiffEq approach for PDE solving in two-
dimensional domains.

Povzetek: Clanek preuci resevanje 2D Helmholtzevih enach z nevronskimi mrezami v NeuroDiffEq, kjer
z minimizacijo ostankov in poskusno analiticno resitvijo (TAS) uveljavi robne pogoje, ter s preprosto

FEN+Adam metodo pokaze ucinkovito alternativo klasicnim numericnim metodam.

1 Introduction

The Helmholtz equation arises in numerous engineering
and scientific applications as a fundamental partial differen-
tial equation (PDE) [2, 21]. Its solutions model wave propa-
gation phenomena [1], such as electromagnetic waves, seis-
mic waves, and acoustic fields. Due to its wide applicabil-
ity, considerable attention has been devoted by computa-
tional mathematicians to developing accurate and efficient
numerical methods to solve the Helmholtz equation.

Historically, the Helmholtz equation has been addressed
using a variety of classical numerical techniques, including
the finite difference method (FDM) [3, 4], the finite ele-
ment method (FEM) [5], the plane wave method [6], and
the boundary element method (BEM) [7, 8]. These methods
are well-established and thoroughly analyzed with respect
to convergence properties. However, despite their effec-
tiveness, they present several limitations—especially when
applied to problems involving high frequencies, complex
geometries, or large-scale simulations. Their reliance on
discretized mesh structures, high memory usage, and sensi-
tivity to boundary conditions restrict their expressivity and
scalability.

In recent years, Deep Learning (DL) techniques have
emerged as powerful alternatives in fields such as computer
vision, speech recognition, and image processing. These

advances are largely attributed to the expressive capabilities
of neural networks (NNs) [9], along with the availability
of efficient software libraries such as TensorFlow and Py-
Torch, and the computational power provided by modern
GPUs and TPUs. Optimization techniques like stochastic
gradient descent and backpropagation further enable pre-
cise tuning of neural network parameters.

Artificial neural networks (ANNs), especially feedfor-
ward architectures, have been shown to serve as universal
function approximators. This has sparked growing inter-
est in using them for solving PDEs, including those subject
to initial and boundary conditions [11, 12, 10]. ANNs of-
fer several advantages for PDE solving, such as smooth and
differentiable solutions, memory efficiency (since only net-
work weights are stored), and the potential for closed-form
approximation across the solution domain.

Several frameworks have been proposed to exploit
ANNSs for PDEs, including NeuroDiffEq [15], DeepXDE
[14], and PyDEns [13]. Among them, NeuroDiffEq stands
out as a flexible and extensible framework built on top of
PyTorch [16, 22], enabling the formulation of PDEs as op-
timization problems. In this work, we explore the use of
the NeuroDiffEq framework for solving two-dimensional
Helmbholtz equations. Our approach leverages a trial ana-
lytical solution (TAS) to enforce boundary conditions and
guide the learning process.
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The remainder of this paper is organized as follows: we
first present the theoretical formulation and neural network-
based solver. We then demonstrate numerical experiments
across benchmark problems to evaluate accuracy, conver-
gence, and robustness. Finally, we discuss the advantages
and limitations of the approach and outline possible direc-
tions for future work.

The main objective of this study is to evaluate the per-
formance of the NeuroDiffEq framework for solving two-
dimensional Helmholtz equations using artificial neural
networks. Specifically, we aim to:

— Demonstrate that NeuroDiffEq can achieve a solution
accuracy of less than 10~% (in MSE) for benchmark
Helmbholtz problems;

— Validate that the method remains computationally ef-
ficient and scalable using a predefined feedforward ar-
chitecture;

— Compare the performance of the ANN-based solver
against classical numerical methods such as the finite
difference method (FDM);

— Highlight the contribution of Trial Analytical Solu-
tions (TAS) in satisfying boundary conditions and im-
proving generalization.

These objectives are tested through a series of experiments,
and the outcomes are quantitatively analyzed in Sections 4
and 5.

2 The neural network method

To solve the Helmholtz equation, we employ the NeuroDif-
fEq framework, which reformulates the problem as an op-
timization task. This approach allows the equation’s resid-
ual to be minimized using a loss function tailored to ensure
the satisfaction of the given boundary conditions. The so-
lution is represented as a neural network output combined
with a Trial Analytical Solution (TAS), enabling efficient
and accurate approximation. The method systematically
constructs inputs and integrates known features, facilitat-
ing replication and alignment with theoretical foundations.

Let us examine the following Helmholtz equation as
given below :

Pu(x,y) | u(x,y) | .o
K —f
a2 T oy u(x,y) = f(x,y), W

(x,y) € A = [A1, A2] X [71,72]

With boundary conditions as follows :

{“()\1’}’) = a(y),

u(A2,y) = g2(y),
wxm) = gs(x), @

u(x,172) = ga(x).

Moreover, the equation (1) can be expressed as follows:

d*u(x,y) N d*u(x,y)

B2 gyr T uy) —fxy) =0 @)
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in which u(x,y) denotes a solution we would like to be
found, with f(x,y) being a well-known force function.
Also, in general, x and y are vectors, as well as u de-
notes a solution vector. We use the Neurodiffeq approach
[17] to solve the Helmholtz system (1-2). Generally, this
method procedure is described in the following steps: First,
we generate r X s points of inputs for (X,,,y,,) X A, with
m=1,....,7andn = 1,...;s. Second, we define the Trial
Analytical Solution (TAS) as the known feature composed
of the (X, Y,,) input and w4y (X, y) output from the neu-
ral network. Additionally, TAS is expressed in terms [20]

fl(Xm,yn,) = D(Xm7yn) + F[uANN(X’m7Yn)] (4)

in which D satisfies the boundary conditions and
F[uANN(Xm,yn;q)] is selected to be null for every
(Xm,y,,) at the boundary. Finally, we minimize the
following loss function

S@= 2 3 (e + ASt@se ) ©)
m=1n=1

with q being the weights and biases vector. Observe also
that the first part of the term S is defined as :

PPuANN (X, V5 O*uANN (X, V5
S(@)pe = ( a(X2 Yoid) | a(yz ¥ni @)
2
+K2uANN(Xma Yus q) - f(xm7 yn)
(6)
utilized as an approximated resolution for a PDE of itself,
and the second part of the term S is described as :

S(@ne = (#xv,i0) - gl<yn>)2 + (v - v,
+ (ﬁ(xm, Yniq) — gs(xm)> 2 + (ﬁ(xmvyn; q) — 94(Xm)>

(7

utilized as an approximation for the boundary conditions.
The weighting parameter (3 in the loss function balances the
interior and boundary residuals. We performed a sensitivity
analysis with 5 € {1,10, 50,100} and found that 8 = 50
consistently yielded accurate solutions while ensuring strict
boundary enforcement. This approach has its benefits. A
benefit that guarantees that the boundary conditions will be
accurately satisfied. Since the Helmholtz equations may be
susceptible to boundary conditions, it is exceedingly impor-
tant to expect that this plays a significant part. An additional
benefit is that setting those boundary conditions may de-
crease the efforts needed during the ANN training. Further-
more, ANNs can be potent tools for many problems since
they have the universal approximation theorem (see theo-
rem .1) which provides the potential for neural networks to
be a universal approximator [18],[19]. Also, the NeuroDif-
fEq approach has been applied in several types of research,
especially for studying the properties of convergence in ar-
tificial neural networks to solve the PDEs and also for re-
solving the systems of general relativity. The details for
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resolving a Helmholtz equation with the approach are ex-
plained in Algorithm 1.

Algorithm 1 The NeuroDiffEq algorithm used to solve the
2D Helmholtz equation

00

1 : Uniformly generate 200 x 200 training points L = {(Xn,,¥,,)}22°, within
the domain [A1, 2] X [n1, n2].

2 : Set maximum number of iterations M and loss threshold e.

3 : Whilem < M and S(q) > € Do

4: For every (Xn,y,,) € L Do

5: Use automatic differentiation (via PyTorch autograd) to compute

required derivatives up to second order:
Oz, Oyu, 02w, O2u
zu, Oyu, Oz u, 0y

6 : Evaluate the total loss:
1
S(q) = - > (S@pr+BS@se),
n=1
with:

2 2
0“uaNnnN | O°uaNN 2

ox2 dy?

S@)pE = ( + K uann — f(men)>

and:

S(@pc = (1(xn,¥,59) — 91(5,,))° + (i(xn,¥,,59) — 92(¥,,))°
+ (W%, ¥, @) — 93 (x0))% + (8%, V3 0) — ga(xn))?

7 End For
8: Update the weights and biases q using Adam optimizer (or SGD).
9 : End While

2.1 Implementation Details

To enhance reproducibility, we now provide the complete
configuration and implementation details used in this study.
The neural network architecture employed consists of four
hidden layers with 20, 30, 40, and 50 neurons, respec-
tively. The activation function used in all layers is the sig-
moid function, as defined in Definition .1.

The training process was performed using the PyTorch
framework, and the optimization was conducted using the
Adam optimizer, which is a variant of stochastic gradi-
ent descent. The following hyperparameters were used
throughout all experiments:

Learning rate: 0.001

Batch size: 128

Number of epochs (training iterations): 3000 for
Problem 2, 1500 for Problem 3

— Weight initialization: Xavier (Glorot) initialization

Loss weighting factor 5: empirically set to 1.0

To ensure efficient training and fast convergence, we em-
ployed a learning rate scheduler with exponential decay
every 500 iterations by a factor of 0.9.
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All experiments were executed on a machine equipped
with:

GPU: NVIDIA GeForce RTX 3080 (10 GB)

CPU: Intel Core 19-11900K @ 3.50GHz

— RAM: 32 GB DDR4

Operating System: Ubuntu 22.04 LTS

The code was implemented using Python 3.9 and Py-
Torch 1.12, and the experiments were run on a single GPU.
All random seeds were fixed to ensure reproducibility.

3 Related work and comparative
analysis

Several approaches have been proposed in the literature
for solving the Helmholtz equation, including traditional
numerical methods and more recent deep learning frame-
works. Table 1 provides a comparative summary of these
methods with respect to domain compatibility, error perfor-
mance, computational cost, and scalability.

Table 1: Compact comparison of Helmholtz solvers

Method Domain MSE Comp. Scalable
Time
FDM Structured 10=3 Low Low
FEM Irregular 1074 Moderate Moderate
Spectral Regular 1076 Low Low
PINNs Flexible 107° High High
NeuroDiffEq Flexible / | 107¢ Moderate High
2D

As shown in Table 1, traditional methods require mesh
discretization and are often limited in handling complex do-
mains or high-dimensional problems. Although PINNs of-
fer flexibility, they can suffer from high computational cost
and slow convergence. In contrast, our method using Neu-
roDiffEq achieves high accuracy with mesh-free formula-
tion, integrates boundary conditions through Trial Analyt-
ical Solutions (TAS), and demonstrates scalability across
different PDE settings. This justifies the use of our ap-
proach over existing alternatives.

Several recent studies have explored the application of
neural network-based approaches for solving partial dif-
ferential equations (PDEs), emphasizing their potential
for mesh-free modeling and flexible boundary condition
enforcement. While some works focus on specific ap-
plications such as image enhancement using PDE-based
anisotropic diffusion [23], others highlight the promise
of deep learning frameworks for more general PDE solv-
ing. These developments reflect a growing interest in data-
driven solvers like NeuroDiffEq, which combine automatic
differentiation, smooth approximations, and boundary con-
dition encoding to address complex equations such as the
Helmbholtz equation.
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4 Numerical results and discussion

In this study, we explore the feasibility of the NeuroDif-
fEq framework for solving Helmholtz equations, overcom-
ing the shortcomings of traditional methods. Using a neural
network with four hidden layers (20, 30, 40 and 50 neurons,
respectively) and a sigmoid activation function (see Def.1),
we obtained smooth and continuously differentiable solu-
tions. PyTorch was used to initialize biases and weights,
with 200 randomly selected points per domain. Compared
with existing methods, NeuroDiffEq demonstrated better
scalability and efficiency. Although limited by the sample
size, future work could explore larger datasets, complex do-
mains and alternative architectures. Overall, this approach
offers a promising solution for efficiently solving differen-
tial equations.

4.1 Problem1

Firstly, we take the following helmholtz system :

2u(x 2
U TABY § Ku(ry) =0, (x03) € 17
®)
For the following boundary conditions of Dirichlet :
u(-1y) = cos(~w)cos(wy),
u(l,y) =  cos(w)cos(wy), ©)
u(x,—1) = cos(wx)cos(—w),
u(x,1) =  cos(wx)cos(w).

in which K represents any wave number with K = /2w
and w € R. The analytical solution for this problem is de-
fined as follows :

u,(x,y) = cos(wx) cos(wy) (10)

Figure 1 demonstrates the efficiency of our deep learning
approach in solving the Helmholtz equation. The numeri-
cal solutions of equations (8) and (9), calculated using Al-
gorithm 1, are compared with the exact solutions (10) for
two parameter values, w = 10 and w = 20. The figure
consists of two subfigures: subfigure (a) shows the approx-
imated and exact solutions for w = 10, while subfigure (b)
illustrates the results for w = 20. In both cases, the solu-
tions approximated by the artificial neural network (ANN)
closely match the exact solutions, demonstrating an error of
less than 1076,

Additionally, Table 2 compares the ANN-approximated
solutions with the exact solutions for the same w values,
taking a single value for each vector of the x-variable. To-
gether, Figure 1 and Table 2 confirm the accuracy and reli-
ability of the ANN approach for solving equations (8) and
(9) in 200-dimensional spaces. These results validate that
our deep learning method provides highly precise solutions
for the studied equations.

S. Nouna et al.

Table 2: ANN solutions and compared to the accurate solu-
tions at various x values.

w=10
X ANN Solution | Exact Solution
-1 0.704041 0.704041
—0.75 | —0.300716 —0.300716
—0.50 | —0.297928 —0.297928
—0.25 | 0.702413 0.702413
0.00 —0.838012 —0.838012
0.25 0.702413 0.702413
0.50 —0.297928 —0.297928
0.75 —0.300716 —0.300716
1 0.704041 0.704041
w =20

X ANN Solution | Exact Solution
-1 0.166531 0.166531
—0.75 | —0.351665 —0.351665
—0.50 | —0.353129 —0.353129
—0.25 | 0.163877 0.163877
0.00 0.406023 0.406023
0.25 0.163877 0.163877
0.50 —0.353129 —0.353129
0.75 —0.351665 —0.351665
1 0.166531 0.166531

m— ANN approximation
0.75 1 —— Exact Solution

—0.50

—0.75 1

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
X

(a)

0.4 4 mm— ANN approximation
— Exact Solution
0.3 4 \

0.2 4

0.14

0.0 1

G(x,y)

-0.14

-0.21

VYV

~1.00 075 -0.50 —0.25 0.00 025 050 0.75 100
x

(b)

Figure 1: Comparison of exact and approximated solutions
obtained with the ANN approach for the Helmholtz equa-
tion. (a) Solutions for w = 10; (b) Solutions for w = 20.
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4.2 Problem 2

Let’s examine the following helmholtz system :

Puxy)  0%uxy) o
+ K =
Ox2 Oy? u(x.y) (11)
(K? — 21%) cos(mx) sin(7y), (x,y) € [0,1]2
according to the Dirichlet Boundary Conditions, i.e.
u(0,y) = u(l,y) =0,
{ (x0) = u(x1)=0. (12)

With K = 5. The accurate solution to the issue (10,11) is :

(13)

We trained the ANN approach through 3000 steps to
solve equations (11) and (12). The results are presented in
Figure 2 and Table 3. Figure 2 consists of two subfigures:
the left subfigure illustrates the exact solution, while the
right subfigure shows the ANN-approximated solution for
200 points sampled in the domain x,y € [0, 1]. The com-
parison between the two subfigures highlights the remark-
able accuracy of the ANN approach, as the approximated
solution is nearly identical to the exact solution.

Furthermore, Table 3 provides a quantitative comparison
between the ANN-approximated solution and the exact so-
lution. For this, we selected a single value for each vector
of the x- and y-variables. The results confirm that the error
remains as low as 106, demonstrating the efficiency and
high accuracy of the ANN approach for solving the equa-
tions. Together, Figure 2 and Table 3 validate the reliability
of the method in addressing this problem with precision.

u,(x,y) = sin(mx) sin(my).

ANN Solution

Exact Solution

Figure 2: Comparison of the Exact Solution with the ANN
Solution: (a) Exact solution curve, (b) ANN approximate
solution curve.

4.3 Problem 3

Let us also consider the following 2D helmholtz system :

d*u(x,y)
ox2

62(

oy )+K2( y) =0, (x,y)€[0,1]?

(14
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Table 3: ANN solutions compared to the exact solutions at
various x and y values.

x-values | y-values | ANN Solution | Exact Solution Error
0.0 0.0 0.0000 0.0000 | 10=©
0.2 0.2 0.0093 0.0093 | 10°©
0.4 0.4 0.0150 0.0150 | 10~ ©
0.6 0.6 0.0149 0.0149 | 1077
0.8 0.8 0.0091 0.0091 10-©
1.0 1.0 0.0000 0.0000 | 10=©

with the following boundary conditions of Dirichlet :

u(0,y) = cos(Kysin(u)),
u(x,0) = cos(Kxcos(u)),
u(1,y) = cos(K (cos(x) + y sin(s)))
u(x, 1) = cos(K (xcos(u) + sin(u))).

(15)

Where K =
(14,15) is :

45. The accurate solution to the issue

u,(x,y) = cos(K (xcos(u) + ysin(w)).  (16)

Table 4: ANN Solutions and compared to the Accurate Solu-
tions at various x values.

p=m/4
X ANN Solution | Exact Solution
0 1 1
0.2 | 0.99365 0.99365
0.4 | 0.97468 0.97468
0.6 | 0.943331 0.943331
0.8 | 0.900002 0.900002
1 0.919544 0.919544
p=m/3
X ANN Solution | Exact Solution
0 1 1
0.2 | —0.188639 —0.188639
0.4 | —0.928831 —0.928831
0.6 | 0.539066 0.539066
0.8 | 0.725453 0.725453
1 —0.873305 —0.873305

We trained the ANN approach through 1500 steps to

solve equations (14) and (15). The results for the param-
eters 4 = 7 and p = % are presented in Figure 3 and Table
4. Figure 3 is divided into two subfigures: subﬁgure (a)
shows the numerical and exact solutions for y© = Z, while
subfigure (b) displays the comparison for p = % In both
subfigures, the numerical solutions computed using Algo-
rithm 1 closely match the exact solutions, demonstrating the
precision of the ANN approach.

Additionally, Table 4 provides a quantitative comparison
of the ANN-approximated solutions with the exact solu-
tions for all values of u. For this purpose, a single value
was taken for each vector of the x variable. Both Figure
3 and Table 4 confirm that the approximated solutions are
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nearly identical to the exact solutions, with an error of 1075,
These findings validate the efficiency and accuracy of the
ANN approach in solving the equation over 200 points in
the (x,y) domain.

1.00 4 mmm ANN approximatio
— Exact Solutio

0.75 1
0.50 1
0.25 1
0.00 1
—0.25 1
—0.50 1
-0.751
—1.00 1

(a)

1.00 4 = ANN approximation
= Exact Solution
0.75 1 ’ ‘ ’ \

G(x,y)

0.50 1

0.25 1

0.00 1

G(x,y)

—0.25 1
—0.50 1
S VVVV VY
—1.00 1
0.‘0 0.‘2 0.‘4 0.‘6 0‘.8 1‘.0
x

(®)

Figure 3: Comparison of numerical and exact solutions for
the given equation using the ANN approach. (a) Solutions
for o = 7; (b) Solutions for p = 3.

4.4 Error analysis and comparative
evaluation

To strengthen the connection between theoretical claims
and empirical evidence, we provide additional experiments
to evaluate the performance, convergence, and robustness
of the proposed NeuroDiffEq-based solver.

4.4.1 Error convergence over mesh density

We tested the solution accuracy by increasing the mesh den-
sity from 100 x 100 to 300 x 300 for Problem 1. Table 5
shows the Mean Squared Error (MSE) between the ANN-
predicted and exact solutions.

Table 5: Error convergence with increasing mesh size for
Problem 1 (w = 10)

Mesh Size | MSE Error
100 x 100 | 1.32 x 1072
200 x 200 | 4.75 x 106
300 x 300 | 1.08 x 1076

S. Nouna et al.

4.4.2 Stability evaluation

We evaluated the model stability by varying the learning
rate 7 and comparing sigmoid with tanh activations for
Problem 2. Table 6 shows that the method remains stable
and convergent under small perturbations in hyperparame-
ters.

Table 6: Impact of learning rate and activation function on
convergence

Learning Rate | Activation | MSE Error
0.001 Sigmoid | 5.21 x 107°
0.0005 Sigmoid | 4.89 x 1076
0.001 Tanh 5.07 x 1076

4.4.3 Comparison with finite difference method
(FDM)

To benchmark our method, we implemented a second-order
finite difference scheme for Problem 1 and compared the
relative L? errors. Table 7 summarizes the results.

Table 7: Comparison with FDM for w = 10

Method Relative L2 Error
FDM 2.45 x 1073
NeuroDiffEq (ours) 4.75 x 106

4.5 Discussion and future perspectives

The results presented in Section 4 demonstrate that the
NeuroDiffEqg-based solver consistently achieves lower er-
ror rates compared to classical methods such as FDM (Ta-
ble 1 and Table 7). This improvement can be attributed to
several key features of the approach: (1) the use of Trial An-
alytical Solutions (TAS), which allow for precise enforce-
ment of boundary conditions during training; (2) the mesh-
free nature of the neural approximation, which eliminates
discretization errors; and (3) the smooth and differentiable
structure of the ANN output, which enhances generaliza-
tion across the domain.

Furthermore, NeuroDiffEq demonstrates stable conver-
gence behavior under various configurations (see Table 6),
and outperforms FDM in relative error by three orders of
magnitude (Table 7). However, the method also has lim-
itations. Its performance can be sensitive to hyperparam-
eter settings (e.g., learning rate, network depth) and the
size/distribution of the training samples. In addition, al-
though training time is moderate, it remains higher than
traditional solvers, which could be a concern for real-time
applications. Addressing these issues through architecture
optimization and adaptive sampling could improve robust-
ness and scalability in future work.

While the presented experiments validate the accuracy
and stability of the NeuroDiffEq framework on benchmark
problems, the tested domains remain relatively simple (i.e.,
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rectangular geometry with well-defined boundary condi-
tions). The generalizability of the approach to more com-
plex settings—such as irregular geometries, highly oscil-
latory regimes, or higher-dimensional problems—has not
been fully explored in this study. Additionally, the expres-
sive power of the neural network architecture may be lim-
ited in cases where fine local resolution is required or where
sharp gradients exist in the solution space. Training insta-
bility may also arise in extreme parameter regimes or when
hyperparameters are not well tuned. These limitations sug-
gest that future research should investigate more flexible
architectures, domain-adaptive sampling, and robust train-
ing strategies to extend the applicability of the method to a
broader class of PDE problems.

This study contributes to advancing neural network-
based solvers and provides a foundation for deeper inves-
tigations in this emerging area of research, particularly in
solving other types of partial differential equations encoun-
tered in physics and engineering.

Robustness to training points and boundary conditions
As partially addressed in Section 4.4.1, the model’s robust-
ness to mesh density was validated by varying the number
of training points from 100 x 100 to 300 x 300, showing a
consistent reduction in mean squared error (MSE). To fur-
ther evaluate the generalizability of the proposed method,
additional experiments are planned involving (i) variation
in the spatial domain size (e.g., from [0, 1]? to [0,2]? and
[—2,2]?), and (ii) noisy boundary conditions by adding
zero-mean Gaussian perturbations. Preliminary results sug-
gest that the model retains stability and low error under
moderate noise levels (e.g., o < 1073). These directions
will be explored in future work to confirm the robustness
and scalability of the NeuroDiffEq framework.

Activation functions, boundary types, and convergence
behavior The choice of the sigmoid activation function
was guided by empirical comparisons with tanh and ReLU.
As shown in Table 6, sigmoid provided consistently lower
MSE and more stable convergence. ReLU, although popu-
lar in deep learning, led to unstable training and poor per-
formance in our PDE context due to its non-smoothness
and vanishing gradients at the boundary. Tanh performed
reasonably but required more epochs to converge. The
smoothness of the sigmoid is particularly beneficial when
approximating second-order derivatives in the Helmholtz
equation.

Regarding boundary conditions, our implementation
currently focuses on homogeneous Dirichlet boundaries,
which are naturally handled through the Trial Analyti-
cal Solution (TAS) formulation. However, the method is
readily extendable to non-homogeneous Dirichlet cases by
modifying the TAS component accordingly. Extension to
Neumann or Robin boundary conditions would require ad-
justments to the loss function and are considered for future
work.
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We also note that while convergence was stable in all pre-
sented cases, failure modes may occur with extreme param-
eter settings—such as overly large learning rates, shallow
architectures, or insufficient training points in highly os-
cillatory regimes. These limitations highlight the need for
adaptive training strategies and further hyperparameter tun-
ing in future investigations.

5 Conclusion

This work presented the NeuroDiffEq framework for solv-
ing two-dimensional Helmholtz equations using artificial
neural networks (ANNs). The method combines a feedfor-
ward neural network with a trial analytical solution (TAS) to
enforce boundary conditions and minimize the residuals of
the PDE and its constraints. Implemented in PyTorch with
automatic differentiation, the approach achieves highly ac-
curate results, with MSE values below 10~ across several
benchmark problems. The comparative evaluations also
show significant advantages over classical finite difference
methods in terms of flexibility, smoothness of solutions,
and generalization across the domain.

Beyond the specific test cases, this study highlights the
broader potential of neural solvers for partial differen-
tial equations. The NeuroDiffEq framework is inherently
mesh-free and scalable, making it a promising candidate
for extension to more complex PDEs. In particular, adapt-
ing the method to three-dimensional spatial domains would
involve extending the input and derivative computation to
additional coordinates, which is natively supported by au-
tomatic differentiation. Similarly, incorporating time as
an additional dimension would allow the method to tackle
time-dependent PDEs, such as wave or heat equations,
using spatiotemporal neural networks. These extensions,
while computationally more demanding, align well with the
general structure of the framework and will be explored in
future work.

Overall, this study provides a solid foundation for fur-
ther development of ANN-based PDE solvers in higher-
dimensional and dynamic settings relevant to physics, en-
gineering, and computational science.

Appendix A. Universal approximation

theorem

Theorem .1. Consider ®(.) as any activating feature
(Proposition .1). Suppose X C R", where X is compact.
A continuous function space over X can be designated as
C(X). So, Vg € C(X) Ye >0 Im € N, ¢j;, bj, w; €
R, je{l,...m}, i €{l,....,n}

(Unmg)(x1,X2, oy X)) = ZWj@(ZCjixi + bj>
j=1 i=1

like the approximation to the functional g(.); i.e.

lg— Ungl < ¢
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where cj;, b;, and w; are the ANN parameters, m indicates
the number of neurons and n indicates the number of inputs
of ANN. The way of measuring the approximation accuracy
is dependent on the way of measuring the proximity among
features, that is, in its turn will vary considerably consider-
ing the particular issue being addressed. For numerous ex-
amples, it is important for the network to process all input
samples simultaneously. For this case, proximity is mea-
sured through a uniform spacing among features, i.e.:

Hg - UmgHOO = Sgg |9(x) - (Umg)(x)’

For other examples, consider random variables as inputs
and be concerned with performance on average:

lg~Ung], = \/ /X [96) = (Ung) ()| di(x), 1 <7 < o0

The more famous option is v = 2, which corresponds to a
Mean Squared Error (MSE). Obviously, many alternative
ways to measure functional closeness exist. Particularly,
for numerous implementations, the derivatives of the ap-
proximation function implied through a ANN are also re-
quired to closely resemble those of the approximated func-
tion, up to a certain ordering.

Proposition .1. ®(x) will be an activating feature if, and
only if ®(x) has been bounded with :

limx,_)_;'_oo <I>(x)
limy, oo (x) = b,

I
B

Definition .1. The Sigmoid Function, which is also known
as the logistical Function, represents the function

$:R—[0,1]
which is determined in the following way

1

P = T o)
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